Klein quantum dot (KQD) refers to a QD with quasi-bound states and a finite trapping time, which has been observed in experiments focused on graphene recently. In this paper, we develop a numerical method to calculate local density of states (LDOS) of KQD and apply it to monolayer graphene. By investigating the variation of LDOS in a circular quantum dot, we obtain the dependence of the quasi-bound states on the quantum dot parameters (e.g. the electron energy, radius, confined potential, etc). Based on these results, not only can we well explain the experimental phenomena, but also demonstrate how quasi-bound states turn to real bound states when intervalley scattering is taken into considered. We further study the evolution of the LDOS for KQD varying from a circle shape to a semicircle shape, which reveals the mechanism of whispering gallery mode on the quasi-bound states.
I. INTRODUCTION
The study of zero dimensional (0D) bound states has become an important topic as quantum dot. By decreasing the sample's size or applying a localized potential field in a semiconductor system [1] [2] [3] [4] [5] [6] [7] , 0D bound states can be achieved by confining the carriers in a nanoscale region. However, in the graphene systems, carriers cannot be completely confined by potential because of the Klein tunneling [8] [9] [10] . Therefore, the early experiments tend to focus on the fabrication of small samples in graphene sheet to obtain 0D bound states [11] [12] [13] [14] [15] . These experiments could be highly expensive and technically challenging, which may limit its practical application.
Recently, according to the new recognition of the bound states in the graphene systems 16, 17 , scientists find that the quasi-bound states can be obtained by applying a local potential, which is quite different from the previous understanding of bound states. The region where the quasi-bound states localized is called KQD [18] [19] [20] . These new quasi-bound states can be used to fabricate graphene QD, which is technically much easier than decreasing the size of graphene samples. On the boundary of graphene KQD, the oblique incident massless electrons will be reflected with high probability. Moreover, for some special energies, the reflected electrons can even construct interference with themselves after multiple reflections and therefore form the quasi-bound states. During the whole processes, the massless electrons behave like acoustic waves. Such mechanism is similar to whispering gallery mode, where the incident and reflected wave, with fixed frequency, interfere with each other and form standing wave inside the circular cavity [21] [22] [23] . In the last two years, many experimental groups demonstrated the existence of KQD in graphene systems, such as the heterostructures of graphene/hexagonal boron nitride [20] [21] [22] 24, 25 , graphene/metal Cu(111) 19, 26, 27 and graphene/metal Mo 28 . These novel observations have attracted lots of attentions.
The previous theoretical study of KQD is based on solving Dirac equation, where LDOS is obtained to characterize the quasi-bound state [29] [30] [31] [32] [33] [34] [35] . The properties of circular KQD can be obtained by adopting this method, and the theoretical observation is basically consistent with the experiments results 19, 20, 27 . However, the method still has some limitations. Firstly, it only considers a single-valley structure and ignores the effect of intervalley scattering. According to our previous study, the intervalley scattering exists in the step-changed potential interface 36 . Secondly, many detailed factors which experimentally do exist cannot be included in this method, such as strain field 37 , impurity 38 and etc. Especially, a recent experiment found that the Fermi velocity (corresponds to hopping energy between nearest neighbor atoms) decreases in the ring area closed to the KQD's boundary 28 , due to the strong interaction with the substrate. When the hopping energy is small enough, the KQD will no longer interact with the environment. Therefore, the quasi-bound state will gradually transform into a bound state. However, such process cannot be described by the former method. Thirdly, the shape of KQD is experimentally uncontrollable and a perfect circular shaped QD is difficult to achieve in real experiments. It has been observed that the shape of KQDs can be triangle, trapezoid or rectangle etc 27, 39 . As whispering gallery mode is sensitive to the detailed geometry 40 , the shape of KQD may greatly affect the quasi-bound state. Moreover, for the non-circular KQD, the Dirac equation is hard to be solved. Therefore, it is useful to find another effective numerical method to overcome these difficulties and analyze the quasi-bound state of KQD quantitatively.
In this paper, we develop a method based on lattice Green's Function to calculate the LDOS ρ of KQD in the monolayer graphene. With the help of this method, the LDOS ρ of KQD with arbitrary geometries and non-interaction potential can be accurately obtained without complicate approximation and analytic calculations. From the resonances in LDOS, we can find the quasibound states and analyse the confinement effect by the trapping time quantitatively. Three different structures of circular KQD, formed by a step potential, a hyperbolic potential and a combination of hyperbolic potential and hopping, are studied. The dependence of quasi-bound states on various KQDs parameters are analyzed. For the first and second structures, we find the obtained results not only consist with several experiments [19] [20] [21] [22] 27 , but also approximately agree with the previous theoretical results obtained by solving the Dirac equation, where the intervalley scattering is ignored. However, for the third structure, which has been observed in experiments recently 28 , we find the quasi-bound states can turn to real bound states due to the large enhancement of intervalley scattering. The KQDs with different shapes are also studied. The high sensitivity of quasi-bound states to the geometry of KQDs, provides us another way to manipulate quantum states of KQDs.
The rest of the paper is organized as follows. Section II describes the model and the method. Section III describes the specific behavior of LDOS in different KQDs. Section IV gives the conclusion. Finally, some key details of the numerical method are provided in the Appendix.
II. MODEL AND METHODS
We consider a KQD distinguished with the surrounding continuous graphene sheet by a different potential, as illustrated in Fig. 1(a) . The tight-binding Hamiltonian for the monolayer graphene is written as:
The first term describes the uniform hopping between the nearest neighbor sites i and j. t is the hopping energy.
The second term describes the extra potential modified nearest hopping around the boundary of the KQD. t is the modified part of t. The last term describes the potential variation due to the KQD. U is the electronic potential.
We adopt the method of the lattice Green's function to calculate the LDOS. Generally, the lattice Green's function applies to the infinite one-dimensional system. To extend it into two-dimensional system, the graphene structure is considered to be periodic in the x direction but be infinite in the y direction. By the method in Appendix A, we obtain the Green's function g r (E) for a square region [e.g. region L × W in Fig. 1(a) ] where a KQD located without considering the potential caused by the KQD.
The potential induced by the KQD contributes a selfenergy Σ, which only contains the nonzero values in a small region. So, one can treat Σ as a perturbation and the final lattice Green's function G r at energy E can be calculated by:
Apart from the Eq. (2), one can also add the self-energy piece by piece to avoid the inversion calculation of a large matrix. The improvement can greatly save the memory of computer. The details are presented in Appendix B.
After obtaining G r , the LDOS ρ in site r i can be obtained by:
where ImG r represents the imaginary part of G r . The LDOS ρ(E) always has some resonances inside the QD. From the resonance features of LDOS, one can find the quasi-bound states and analyse the confinement effect through the trapping time quantitatively. The definition of the trapping time is:
whereh is reduced Planck constant and δ is the fullwidth at half-maximum (FWHM) of the resonance. Based on this definition, the quasi-bound state corresponds to a finite trapping time τ and the bound state corresponds to a infinite τ . The longer the trapping time τ , the better the confinement effect. During the numerical calculations, the hopping energy between nearest neighbor sites in a pristine graphene denoted by t is set as the energy unit. Comparing to the previous analytic methods [29] [30] [31] [32] [33] [34] [35] , the intervalley scattering is included in our numerical calculations. Moreover, our method is applicable for any type of confined potential, thus can be applied to KQD with arbitrary geometry.
III. NUMERICAL RESULTS
With the help of the lattice Green's function method, we obtain the LDOS of monolayer graphene. In the absence of KQDs, the LDOS are presented in the Appendix C. The results are in agreement with previous studies 41, 42 , which shows strong confirmation of our numerical calculations. In the following, based on such method, we study the properties of KQDs in monolayer graphene.
We first study a circular KQD confined by a step potential in monolayer graphene [see Fig. 1(a) ]. The studied region is labeled by L×W with L = 75 and W = 43. The lattice constant is set as a = 0.142 nm, hence the size of the region is about 18 nm × 18 nm, which is comparable to the experiments. For better illustration, a rectangular coordinate is set up to label the positions and the origin is located at the center of the selected region. The KQD is also embedded in the center. Here, the potential can , where Θ is the step function, V is central potential and R is the radius of KQD. Using the method in Sec. II, we obtain LDOS ρ in the selected region. Due to the rotation symmetry of the KQD, the LDOS ρ is isotropic, which is verified by the topographic maps of ρ [see Fig. 1 
In Fig. 1(b) , the ρ(E) relations on the equally spaced points along red arrow in Fig. 1(a) are plotted. The bottom curve refers to the point close to the center, and the top curve describes the point close to the boundary of the selected region. Here, the green and cyan curves denote the points inside and outside the KQD, respectively. Comparing with the original LDOS plotted in Fig. 9 (c), we find that ρ is redistributed and many resonance peaks emerges in the energy range E < 0. Every resonance has a smooth peak, which represents a finite trapping time τ . Therefore, all the resonances correspond to quasibound states. We label these resonance positions with n = 1, 2, 3, ... in the energy slice. Interestingly, the resonance peaks on the sites near the boundary of the KQD are the clearest compared to the others. Because of this feature, we choose the edge point [r = (R, 0)] for further investigation in Fig. 2 . In Fig. 1 (c)-1(f), the LDOS maps at corresponding energy for slices n = 1, 2, 4, 6 are plotted. For n = 1, the quasi-bound state is localized in the center of KQD. By increasing n, the quasi-bound state gradually moves towards the boundary. For n = 6, although the confinement of the quasi-bound state becomes weaker due to the increase of energy, the major feature, that the states moving to the boundary, still hold. In the area outside the boundary, ρ also have some resonances, but their amplitudes are small and decay quickly. All above features of ρ are observed in the majority of recent experiments of graphene KQDs [19] [20] [21] [22] 27 (e.g. Fig. 2a in ref. 19 ). Next, we investigate the effects of central potential V and radius R on the circular KQD. When radius R or central potential V is small, the resonance is indistinct, even on the boundary r = (R, 0). Only when the radius R or central potential V is large enough, the quasi-bound states can emerge [see Fig. 2(a) and Fig. 2(b) ]. In order to better characterize the behaviors of these quasi-bound states, we plot their energy spacing ∆E(n) = E n+1 − E n and FWHM δ (n) in the measurable situations, as shown in Fig. 2(c) and Fig. 2(d) . Here, E n is the energy of n-th quasi-bound states. By increasing R, both energy spacing ∆E and FWHM δ decrease significantly. In contrast, when R is fixed, the increasing of V cannot adjust energy spacing ∆E, although it will decrease FWHM δ . Since the smaller FWHM δ refers to a longer trapping time τ , both the increased radius R and central potential V can enhance the confinement effect. Moreover, we find energy spacing ∆E fits the empirical formula, ∆E = with α = 1 is reported in recent experiments 19, 20 . In real experiments, the confined potential U is usually not in the manner of step changing [20] [21] [22] 26 . Thus, it is important to investigate the effects of the confined potential type on the quasi-bound states. In Fig. 3 , the potential U in a hyperbolic form U = is studied. The smoothness of the potential is characterized by variation range of potential ∆R [see inset of Fig. 2(b) ], which can be simulated by choosing an appropriate S. For example, S = 0, 4a, 8a correspond to ∆R = 0, on the points r = (0, 0), (3, 0), (6, 0), (9, 0) for different ∆R. We find quasi-bound states are nearly insensitive to the variation of ∆R. For example, the most obvious difference emerges at the edge point r = (6, 0). Compare ∆R = 0 nm (red line) and ∆R = 3 nm (black line) on such point, the resonances of LDOS ρ remain at the same energy and their amplitude differences are very small.
In most of the previous theoretical studies, the quasibound states are obtained by solving continuous Dirac equation under potential U , where only one valley is considered. The intervalley scattering, which is inevitable in experiments, is neglected [29] [30] [31] [32] [33] [34] [35] . However, such different treatment in theory and experiment actually lead to the same results, which has puzzled physicists for a long time [19] [20] [21] . In our study, the step potential of U introduces the intervalley scattering while the smoothness of the potential weakens such effect. The results in the above paragraph indicate that the intervalley scattering caused by the potential U is very weak, which verify the validity of previous approximation in several cases.
The KQD structure may not only introduce on site potential U , but can also alter the hopping energy between the nearest site in reality 26, 28 . In particular, in one of recent experiments, the decreasing of Fermi velocity in the ring area closed to the KQD boundary is observed 28 , which means the hopping energy between the nearest sites decrease from t to t − t . It is worth to note that the decreasing of hopping energy can cause strong intervalley scattering, which is discovered in Dirac systems 36 . Nevertheless, the effects of hopping term are not considered in previous graphene KQD studies [29] [30] [31] [32] [33] [34] [35] . Therefore, we consider the situation that both hopping t and potential U take hyperbolic form, say, t = t 1 (1 − | tanh in the boundary region, respectively, where t 1 is the hopping strength. In Fig. 4 , we focus on the effect of variation range ∆R on behavior of LDOS ρ under fixed t 1 = 0.5 and V = 0.1. The approximate variation ranges are ∆R = 2 nm and 3 nm, corresponding to S = a, 2a, 4a and 8a, respectively. We compare these four plots with Fig. 1(b) , which corresponds to the zero variation range (∆R = 0). The observed resonances are still more significant at the edge point. By increasing ∆R, we find the resonances amplitude enhanced and their spacing decreased. In order to show such behaviors more clearly, the energy spacing ∆E and FWHM δ are plotted in Fig. 6(a) . For larger ∆R, both ∆E and δ become smaller. Since smaller δ means longer trapping time τ , the confinement effect is enhanced by increasing ∆R. Because it has been verified in Fig. 3 that hyperbolic potential U cannot enhance the confinement effect, the hyperbolic hopping t , which brings the intervalley scattering, is the dominant reason for such enhancement 36 . The hopping strength t 1 defines the coupling strength between KQD and the environment. For example, when t 1 = t, the KQD becomes an isolated QD. We investigate the dependence of t 1 on LDOS ρ for fixed ∆R = 3 nm. In Fig. 5(a)-5(i) , t 1 is gradually increased from 0 to 0.8t. The LDOS ρ behaves similarly as the increase of ∆R ( Fig. 4) . The LDOS ρ on the edge points are significantly changed. When t 1 increases, since the energy spacing ∆E and FWHM δ become smaller [also see Fig. 6 Fig. 5(i) , new resonances emerge in the positive energy. Since the LDOS inside the confined region is smaller than that in the environment, it is hard to forming quasi-bound state 27 . Therefore, the resonances in these two subplots represent real bound states. Figure 5 demonstrates the evolution from quasi-bound states [ Fig. 5(a) ] to real bound states [ Fig. 5(g) ]. Figure 6 shows the energy spacing ∆E and the FWHM δ of the resonances from the edge point in Fig. 4 and Fig. 5 . For most of the resonant slices n, both energy spacing ∆E and FWHM δ have a decrease for increasing variation range ∆R and hopping strength t 1 43 . That is to say, the increasing variation range ∆R and hopping strength t 1 can both enhance the confinement effect of quasi-bound states in the KQD. Furthermore, the typical data of the slice n = 3 is selected to quantitatively study the enhancement effect in detail [see Fig. 6 (c) and (d)]. According to Eq. (4), the decreasing of δ from 0.01 to 0.0012 in Fig. 6(d) indicates that the trapping time τ can be adjusted in a large scale. For energy spacing ∆E, one can fit the data with the empirical formula ∆E = 3at * 2R * . Here, the parameters R * and t * are effective radius and hopping energy, respectively. In contrast, when variation range ∆R is fixed, we find the relation that ∆E ∝ (t − t 1 ). And when the hopping strength t 1 is fixed, we find the relationship ∆E ∝ 1 0.5R+0.4∆R . Based on these two relations, we obtain the formula for energy spacing as ∆E = 3a 2 · (t−t1) 0.5R+0.4∆R . This formula actually tells us that the effective radius decreases in such situation (R ≥ R * = 0.5R + 0.4∆R). Moreover, the effective hopping energy t * = (t−t 1 ) equals to the hopping energy between neighbor sites at the boundary, which indicates the quasi-bound states are caused by the mechanisms highly related to the boundary. Indeed, the above numerical results show a direct evidence that quasi-bound states in KQD originate from a mechanism analogous to whispering gallery mode, where massless electrons are reflected on the boundary and interference with themselves [see Fig. 7 (e) and (k)]. As stated in the introduction part, the whispering gallery mode is sensitive to the shape of the structure. In order to further understand such mechanism, it is better to explore the properties of KQD with different shapes. However, due to the difficulty of solving Dirac equation for complicate shapes, such studies are absent before. Here, four shapes of KQD as illustrated in Fig. 7 (a)-7(d) are considered and their corresponding LDOS in the transverse directions are plotted in Fig. 7(g)-7 (j). When KQD is a perfect circle [see Fig. 7(a) ], we observe many resonances in LDOS. As the KQD evolves from circle shape to semi-circle shape [see Fig. 7 (b)-7(d)], these resonances fade away gradually. Moreover, these resonances at high energy fade faster than those with lower energy. The phenomena can be explained by the whispering gallery mode theory [21] [22] [23] 40 . Specifically, the quasi-bound states at high energy are dominated by whispering gallery mode with high angular momentum. Since the incident angle is large, the massless electrons will experience multi-reflection processes before forming a closed interference path [see Fig. 7(k) ]. In contrast, the quasi-bound states at low energy are dominated by the whispering gallery mode with low angular momentum. After a few reflection processes, the massless electrons can form a closed interference path [see Fig. 7(e) ]. When the shape of KQD has a little deformation, e.g. θ = π 3 , the whispering gallery mode with low angular momentum can still form closed interference path [see fig. 7(f) ]. The low energy quasi-bound states still exist. On the contrary, the whispering gallery mode with high angular momentum cannot form a closed interference path [see fig. 7(l) ], hance the high energy quasi-bound states fade away. For semi-circle shape, it is hard to form any closed interference path. Thus, there is only one quasi-bound state locating inside the center region. The above study not only reveals the relationship between the whispering gallery modes and the quasi-bound states, but also gives us a way to manipulate the quasi-bound states by controlling the shapes of KQD.
IV. CONCLUSION
In this paper, we develop a lattice Green's function numerical method, which can be used to calculate the LDOS of KQD with arbitrary geometry and noninteraction potential. We apply this method to monolayer graphene KQD systems, and obtain their LDOS Because KQD is in a small region compared with the whole graphene plane, we only need to calculate the lattice Green's function of this region [see the rectangle with size L × W in Fig. 8(a) ]. The whole calculation processes are summarized as follows. Firstly, by applying the Fourier transformation in x direction to Hamiltonian of pristine graphene, one gets a 1D lattice Hamiltonian H(k x ). H(k x ) can be divided into three parts along y direction: the upper and lower semi-infinite leads and center part with width W, as illustrated in Fig. 8(b) . Thus, the Green's function for a fixed k x in the center part can be written as:
where H C (k x ) is the Hamiltonian in the center part. Ω upper (k x ) and Ω lower (k x ) are the self-energy of upper and lower semi-infinte leads, respectively 44 . Then, the Green's function from position x 2 to x 1 can be calculated from the integral:
Finally, after x 1 , x 2 takes all the position inside x 1,2 ∈ [1, L], the lattice Green's function g for selected region is obtained by
There are two advantages of this method: (i) only one integral process is needed in the whole calculation; (ii) the accuracy is good enough. Nevertheless, this method has a shortcoming: the value of 0
+ cannot be very small, since the interval dk needs to satisfy the condition dk < 0 + /10 during the integration process.
B. Effective Green's function algorithm with low computer memory cost
In the experiment, the radius of KQD can reach 10nm-20nm 19, 28 . In order to simulate the experimental conditions, the selected region size should be comparable to the size of KQD. That is to say, the size of Hamiltonian matrix should be as large as 60000 × 60000, corresponding to the 60000 atoms in the selected region. In this case, the inversion calculation of Eq. (2) is a challenge due to the limited memory of computer. Here, we put forward an alternative method to calculate Green's function G r . According to the section II and Appendix A, all lattice Green's function G r , g r and self-energy Σ can be written in a block form {A i,j } where i, j ∈ [1, 2, . . . L]. Obviously, the size of each block A ij is sufficiently small (e.g. for W ≈ 40 nm, its size correspond to 380 × 380). The method originates from the fact that one can add self energy Σ = ij Σ ij to Dyson equation G r = g r + g r ΣG r through block self-energy Σ ij piece by piece. The calculation processes are listed as follows. Firstly, for a nonzero block self energy Σ mn , one can get equation g r by G r and consider another nonzero Σ mn . When all nonzero Σ mn are counted, the finally Green's function G r , which is equivalent to that in Eq. (2), is obtained.
During the calculation processes, the memory cost is quite low. Note that the number of nonzero element Σ ij is usually small, so that such algorithm can increase computation efficiency.
C. LDOS in monolayer graphene without KQD
In order to test the accuracy of the method, we try to obtain the LDOS in monolayer graphene without the KQD by applying this method. The sites in monolayer graphene are equivalent and their LDOS behaviors are the same as the red line in Fig. 9(c) . Here, the LDOS reproduces the same behaviors in ref. 41, 42 . Moreover, the LDOS satisfy ρ(E) = ρ(−E), showing the particle-hole symmetry of both systems. ρ increases linearly with the energy |E|, which is consistent with the linear dispersion near the Dirac point.
